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Abstract-A rigorous theory of small deformation superimposed on finite deformation is developed
within a fully general theory ofelastic shells. The mathematical structure of the configuration space
and its associated tangent space is examined for the underlying shell model. Essential features of
the theory are examined in the context of applications to the buckling analysis of specific problems.

I. INTRODUCTION

The buckling analysis of shells subjected to static loadings, can effectively be carried out
through a linearization of the pertinent non-linear boundary value problem about given
equilibrium states. The resulting linearized equations are usually referred to as buckling
equations or equations of critical equilibrium and we shall adopt this terminology here.
Within the classical Kirchhoff-Love type theory of shells the buckling equations have
been subject of extensive investigations in the past (Koiter, 1967; Stumpf, 1981, 1984:
Pietraszkiewicz et 01., 1984). A review of that vast literature is not our intention, nor is it
relevant to the subject of this paper. It is to be noted, however, that in most previous
investigations not only are strains assumed to be small but also effects due to transverse
shear and transverse normal deformation of the shell are ignored. While it is expected that
these effects will be negligible for thin shells made of conventional structural materials, the
problem of buckling of shells undergoing finite elastic deformations cannot be adequately
set down within these restrictions. It is known from the three-dimensional analysis of shell­
like structures made up of highly deformable materials, like natural and synthetic rubbers
or biological tissues, that buckling phenomena need not necessarily be attributed to the
slenderness of the bodies but may occur in thick-walled shells as well. Moreover, many
materials capable of undergoing finite elastic deformation are incompressible or nearly so.
In tum, the incompressibility condition causes highly non-linear deformation through the
shell thickness (cf. Appendix B). With the exception of the papers by Green and Naghdi
(1971) and Zubov (1976), buckling equations for large elastic shell deformations including
the aforementioned features had not been considered in the literature.

The aim of this paper is to derive the buckling equations for a fully general theory of
elastic shells whose foundations have been set down by Reissner (1974), Libai and Sim­
monds (1983) and Simmonds (1984) et 01. In this theory the two-dimensional equilibrium
equations are obtained as exact implications of the three-dimensional balance laws oflinear
and angular momentum. The strain measures conjugate to the stress resultants and couples
and the underlying kinematical structure of the theory are next disclosed in a natural way
from the mechanical work identity being equivalent to the local equilibrium equations. In
this sense the basic shell equations are exact and the resulting theory is independent of any
specific physical interpretation that may be assigned to the comprised ingredients. An
unavoidable approximate character, reflecting a manner in which this theory may be
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expected to approximate the three-dimensional one. appears only in the constitutive
relations that give the stress resultants and couples in the form of arbitrary functions of the
conjugate strains. Actually. the theory of shells arrived at in this way enjoys the structure
identical to that in the Cosserat shell theory. However. we have to point out that there is
an ambiguity in the terminology used. Originally. E. and F. Cosserat (1909) postUlated. ah
initio. that a shell is a two-dimensional continuum to each point of which a rigid triad is
attached. Later this idea has been generalized by replacing the rigid triad by three deformable
directors (Ericksen and Truesdell. 1957), a single deformable director (Green e!t al.. 1965).
or even an arbitrary number ofdeformable directors (Naghdi. 1972). The resu],s of Reissner
(1974). Libai and Simmonds (1983) and Simmonds (1984) show that the kinematical model
adopted by E. and F. Cosserat (1909) is preferable to later proposed models.

In Section 2 we give a brief account of the complete set of equations for the shell
modelled by the Cosserat surface. In Section 3 the underlying configuration space and its
associated tangent space is constructed. concepts which are central to the subsequent
developments and have not previously been investigated in the literature. In particular. \ve
show that the configuration space for the shell modelled by the Cosserat surface is an
infinite-dimensional manifold and not a linear space.

In Section 4 we derive the buckling equations as linearized equations about given
finitely deformed equilibrium states of the shell. Because the configuration space is not a
linear space the lack of its algebraic structure makes the process of linearization non­
standard and an appeal to the advanced calculus on manifolds becomes unavoidable. In
this aspect our approach parallels to that of Simo and Vu-Quoc (1986). who considered
the spatial deformation of linearly elastic rods.

Finally, in Section 5 we establish sufficient conditions for the tangent operator to be
symmetric, a property of major importance in the analysis of buckling problems.

2. GOVERNING EQLUIONS

We shall consider an elastostatic theory of shells whose origin is going back to E. and
F. Cosserat (1909). Related and more recent contributions can be found in Reissner (1974),
Libai and Simmonds (1983) and Simmonds (1984). A short summary of the governing
equations presented below unifies and, in some aspects, generalizes slightly different
approaches adopted in the cited papers. Our notation scheme is standard. In particular. iR
denotes the set of real numbers and 8 3 is the three-dimensional Euclidean point space
whose translation space is IE 3. The elements of IE 3 are called vectors and u . v. u x v and u Q9 v
are the standard notations for the inner product, the cross product and the tensor product
of two vectors u and v. The elements of the vector space L(1E 3

, 1E 3
) of linear transformations

of 1E 3 into itself are called (second-order) tensors. The composition ST of two tensors Sand
T. the transposition ST and the trace tr S ofS are then defined as usual. We shaH also adopt
the convention that lower-case Greek indices have the range I, 2. lower-case Latin
indices have the range 1, 2. 3 and that diagonally repeated indices are summed over their
range. Moreover, we shall assume that various fields appearing have sufficient smoothness
to justify any operations required.

By a shell we mean a thin (in some sense) three-dimensional body that may be modelled
by the Cosserat surface C in its original definition (Cosserat. 1905), i.e. C comprises two
ingredients, a material surface S called the carrying surface and a triad of rigid vectors
called the directors. More precisely, a carrying surface is an orientable two-dimensional
manifold S that can be imbedded into the physical space g3 by a diffeomorphism S _ cf3.
The image of S in g3 is a smooth surface M called the current (deformed) configuration of
the carrying surface. The directors in the current configuration of the Cosserat surface C
are represented by a triad {Ai} of linearly independent spatial vectors attached to each
point of M. We shall identify the particles of S with their material coordinates
~ = (~\ IX = 1,2). Then the current configuration of the Cosserat surface C is specified by
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(I)

where r is the position vector of M relative to a fixed frame of reference.
Whenever there is no danger of confusion we may identify the carrying surface S with

its initial (undeformed) configuration M whose position vector will be denoted by r(~). The
directors in the initial configuration of C constitute a triad {ai(~)} which we shall assume
to coincide with the natural basis ofW} on M, i.e.

(2)

Here e'P denotes the usual permutation tensor on M, a3 is the unit normal vector to M and
a comma indicates differentiation with respect to the material coordinates ~'. We next
denote by a;(~) the reciprocal base vectors, so that

(3)

where Dp is the Kronecker symbol.
Since the directors are assumed to be rigid, the deformation of the Cosserat surface

relative to the initial configuration is described by

r(;) = r(~) +u(~),

Ai(~) = Q(~)ai(~)' i = 1,2,3

(4a)

(4b)

where the displacement field u determines the deformation of the carrying surface and Q is
a proper orthogonal tensor (rotation tensor) specifying the deformation of the directors.
In general, the deformation of the directors is independent of the deformation of the
carrying surface. Also, we make no assumptions about the magnitude of the displacements,
rotations and strains associated with (4). However, in order to ensure that the deformation
(4) be non-singular and orientation preserving we require that

(Sa, b)

The first restriction is the consequence of usual continuity assumptions while the second
one implies, in particular, that A3 cannot be tangent to M.

The suitable strain measures consist of the stretching vectors Ep(~) defined by

Ep = r.p-Ap = u.p+(l-Q)ap, (6a)

and the bending vectors Kp(~) defined as the axial vectors of the skew-symmetric tensors
Jt'"p(~) = Q.pQT, Le.

Kp x v = Jt'"pV for every vE 1E3• (6b)

These strain measures have to satisfy the compatability equations (Libai and
Simmonds, 1983),

e'P(E'IP - A, x Kp) = 0,

e'P (K'IP +!K, x Kp) = 0,

(7a)

(7b)
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representing the integrability conditions for E ii and K J • In (7) and henceforth, ( )Ii indicates
the covariant differentiation in the metric of .\t.

The mechanical variables entering the theory 01 shells modelled by the Cosserat surface
C consist of the stress resultants ~,J (~) and the couples :\1" (.;) representing the action of
one part of the shell upon another along the coordinate lines ~fJ = const. on J..f and they
are defined per unit length of these lines. The local equilibrium equations expressing the
balance laws are (Libai and Simmonds. 1983).

(8)

where p(~) and l(~) are the external surface force and couple defined per unit area of M.
The equilibrium equations (8) can be obtained either by descent from three dimensions or
by direct two-dimensional considerations (cL Appendix A).

In order to formulate the associated boundary conditions we assume that 114 is con­
nected with a piecewise smooth boundary eM whose position \ ector is res) = r( ~'(s». Here
.I' denotes the arc length parameter along eM. At each regular point of avl we define the
orthonormal triad {v(s), t(s), a}(s)} such that

dr
t(s) = d- = t'a"

.I'

, d¢'
t =~. v(s) = txa 3 = \,'a, . (9)

are the tangent and the outward normal vectors to c.'vIlying in the tangent plane.
Now let eMf denote the part of 2M where the boundary force N~(s) and the boundary

couple M~(s) are prescribed and let cAt" denote the complementary part of eM. i.e.
eM = aM"u aMt , where the displacements u*(SJ and the rotations Q*(s) are specified.
Then the boundary conditions are

NII VfJ = l\~. iVlli V/J = M* along cJl t

U = u*. Q = Q* along cJld •

(lOa)

(lOb)

If statical and geometrical quantities are prescribed on the same part of 2iV, then they must
be complementary to each other. We shall also admit that cJIl or even cJI may be empty
sets. In the last case the boundary conditions( 10) are to be replaced by suitable periodicity
conditions.

The field equations and boundary conditions given above are independent of the
particular constitutive relations. Now we define the shell to be elastic if its mechanical
response can be characterized by vector-valued functions .. \ -3 and jill defined on some
common domain G x M such that

In the hyperelastic case, the response functions . ~ . 0 and ../1 II are given by

(I I)

3<1>
jl,i = '~K-'

C II
(12)

where the strain energy function <1> = <1>(E" K,; ~) is defined per unit area of JI. The explicit
dependence of .A-/"fJ, vI/ P and <1> on ~ signifies a nonhomogeneity of the shell \vhich may be
caused by the variable curvature of 1'v1 and the variable shell thickness. In the most general
case the domain G of the constitutive equations is defined as a set of four-tuples (E" K,) at
each point of which the invertibility conditions (5) are satisfied and the response functions
are restricted solely by the principle of material frame-indifference and a possible material
symmetry. It is to be noted, however, that if a shell modelled by the Cosserat surface C is
given a specific three-dimensional interpretation the invertibility conditions will assume a
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more restrictive form than (5). Therefore no useful properties of G, like convexity, can be
established once and for all. Moreover, the response functions must satisfy suitable restric­
tions to be physically reasonable to ensure the existence of solutions with the desired
degree of smoothness, and yet they should admit the multiplicity of the solutions. The
determination of a full set ofconstitutive restrictions remains as the main open problem of
the shell theory [cf. Antman (1976)J.

3. PRINCIPLE OF VIRTUAL DISPLACEMENTS

The Cosserat surface C manifests itself through its configurations in the physical space.
A set ofall configurations of C, denoted by C(C), is called the configuration space. In turn,
each configuration represents a deformed state of the Cosserat surface and, according to
(4), it is completely determined by the displacement field u of the carrying surface and the
field of proper orthogonal tensors Q specifying the rigid deformation of the directors. At
any fixedpoint t: E M the displacement u(t:) is an element of the vector space Ie. Moreover,
the set of all proper orthogonal tensors Q(t:), i.e. of all isometric transformations of IE J into
itself preserving the orientation of IEJ

, constitutes the non-commutative Lie group SO(3)
called the rotation group of IE J (Abraham and Marsden, 1978). Accordingly, the con­
figuration space of the Cosserat surface may be defined as

C(C) = {UJJ = (u, Q)IUJJ: M -+ IE J x SO(3)}. (13)

We require III to be of the class C2 on M.
Unlike the case of particle mechanics, where the idea of a configuration space is a

direct reflection of the intuitive notion of the degrees of freedom of the system, the situation
we are concerned with here is more involved in a twofold sense. Firstly, the configuration
space of the Cosserat surface understood as the collection of two fields u and Q is infinite
dimensional. Secondly, the presence of SO(3) in the definition of C(C) causes the lack of
the algebraic structure oflinear spaces. In fact the configuration space C(C) can be endowed
with the structure of an infinite-dimensional Riemannian manifold. However, to avoid a
rather cumbersome formalism we point out that 1lJ(t:) E IEJ x SO(3) at any fixed point t: E M.
Clearly, IE) x SO(3) enjoys the structure of the six-dimensional manifold. Moreover, it may
be equipped with the group structure and thus with the structure of the Lie group. The
group operation is defined by IJI+\I = (u+v, RQ) for any UJI = (u, Q) and \I = (v, R) and the
identity element is of the form 1 = (0,1). All algebraic operations are understood here
point-wise, i.e. at t: E M. An appeal to point-wise operations on the elements of the con­
figuration space C(C), wherever this is feasible, will simplify our analysis considerably since
the structure of IE J x SO(3) is well exposed in the theory of rigid body (Abraham and
Marsden, 1978).

Once the configuration space of the Cosserat surface has been defined the concept of
virtual displacements may be introduced in a natural way as elements of the tangent space
of C(C). The tangent space of a manifold generalizes the notion of tangent plane to a
surface in the Euclidean space. The construction of the tangent space of C(C) given below
is, to a large extent, analogous to its counterpart in the mechanics of rigid body, with the
difference that in our case, the configuration space is infinite dimensional [cf. also Simo and
Vu-Quoc (1986)].

The first notion we should introduce is that of "tangent vector" at a point aD = (u, Q)
of C(C). To this end we first recall that the Lie algebra so(3) of the Lie group SO(3) is
defined as the tangent space of80(3) at the identity. Actually, so(3) is the three-dimensional
vector space of all skew-symmetric tensors with the commutator taken as the Lie bracket
(Marsden and Hughes, 1986), i.e. [cD, 'I'] = cD"-"$ for any $, "E so(3). The Lie bracket
satisfies the following condition

[cD, ('I',.n]] + [.n, [cD, 'l']J + ('1', [.n, cD]] = 0, (14)
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called the Jacobi identity. The elements of so(3) are called infinitesimal generators (or
infinitesimal rotations) since Q(11) = exp (11'1'),11 E iR, is a one-parameter subgroup ofSO(3),
i.e. exp (11'1') ESO(3) for every 'I' Eso(3). Here the exponential function exp: so(3) -> SO(3)
is defined by

(15)

We also recall that another example of the Lie algebra is furnished by IE' with the usual
cross product as the Lie bracket: [(,0. "'] = (,0 x '" for any (,0, '" E IE'. These two Lie algebras
are isomorphic. i.e. they are indistinguishable from the mathematical point of view, with
the isomorphism ad: 1E 3 -> so(3) called the adjoint representation of 1E 3 defined by

(ad "')v = ["',v] == "'xv for every vEIE'. (16)

Traditionally, '" E 1E 3 is called the axial vector of the skew-symmetric tensor 'I' = ad'" Eso(3).
Now let lID = (u, Q) E C(C) and let us consider two fields u: M -> IE' and '1': M -> so(3)

defined on M. A mapping IR 311 -> lID(tl> EC(C) defined by

1ID(11) = (U+11U, (exp (11'1'»Q),

represents a curve on C(C) such that IID(O) = lID. The tangent vector to this curve at lID is

(17)

d _
DIID = d11I1.1l(11)I~=o = (u, 'I'Q) (18)

which can easily be shown using the definition (15) of the exponential function. A set of all
tangent vectors at II.Il EC(C), denoted by TuC(C), is called the tangent space of C(C) at 1I.Il.

It is obvious that TuC(C) is a linear space. Physically, the element DII.Il = (0, 'l'Q) ETuC(C)
represents the infinitesimal deformation superimposed on any configuration II.Il EC(C) of the
Cosserat surface. Moreover, it immediately follows that the tangent space of C(C) at the
identity 1 = (0,1) EC(C) is

(19)

Recalling next that the two Lie algebras so(3) and 1E 3 are isomorphic, we may define
the tangent space of the configuration space C(C) as

(20)

where ~(~) is the axial vector of the skew-symmetric tensor 'I'(~), i.e. 'I'(~) = ad ~(~).
For elements of the tangent space (20) we introduce the notion of generalized virtual

displacements understood in the sense of a collection of the virtual displacement of the
carrying surface and the virtual rotation of the directors.

Now let lID = (u, Q) EC(C) be an arbitrary configuration of the Cosserat surface and
let u1 = (u,~) ETC(C) denote kinematical admissible generalized virtual displacements, i.e.
lIB = 4) along cMd • Consider the following functional

/[1UI;u1] = II {Nfl·(O.fl-~xr.fl)+MfJ·~,fl} dA
.H

-II, (p'o+I'~) dA- C(N~'u+M~'~) ds, (21)
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where the stress resultants Nil and the couples Mil are to be regarded as functions of lUI

through the constitutive equations (II) and the kinematical relations (6). We also admit
the external surface and boundary loadings to be configuration dependent, i.e. p, I, N~ and
M~ may depend on Ill. The functional (21) is linear in ail but depends non-linearly on Ill.

Using Stokes' theorem the functional (21) can be transformed yielding

/[8.II;U] = -It {(NIlIIl+p)·ii+(MIlIIl+i.llxNIl+I)·~} dA

+ tff {(NIlVIl-N~)'ii+(M/lvll-M~)'~} ds+ 1M
J

{(N/lv/l)'ii+(M/lVfi)'~} ds. (22)

The second line integral in (22) vanishes for oJJ must be kinematically admissible. Moreover.
from (22) it follows that 1JI e C(C) is an equilibrium configuration satisfying the equilibrium
equations (8) and the static boundary condition (lOa) if, and only if,

I[1lI;a1J] = 0, 'v'a1JeTC(C), oJJ = «} along cMd • (23)

4. BUCKLING EQUATIONS

In the previous section we regarded the elements of the tangent space TC (C) as virtual
displacements. Actually, the tangent space models locally a configuration space. Most
linearizations in physics consist ofreplacing a given configuration space by its tangent space
at a point. This concept will be used to derive the buckling equations, i.e. the linearized
equations about a given equilibrium state of the shell.

Let UJl = (u, Q) E C(C) be an equilibrium configuration of the Cosserat surface and
let, as before, a1J = (ii,~) eTC(C) denote a kinematically admissible virtual displacement.
Consider now another kinematically admissible element of the tangent space which we
denote by 1iI = (0,,,), ueTC(C). We may regard IilJ as the infinitesimal generator ofa one­
parameter family of configurations represented by a curve,

u(,,) = (u + "u, exp (,,'I')Q), ,,~O (24)

on the configuration space and such that 8.11(0) = lUI. Here, in accordance with our notation
scheme, 'I' = ad ". In physical terms, IilJ represents a small deformation superimposed on
the equilibrium configuration III. By virtue of the principle of virtual displacements (23) the
configurations of the shell represented by (24) are equilibrium ones if and only if:

I[1JI(,,); iii] = 0, Va1I eTC(C), oJJ = 0 along cMd • (25)

The buckling equations can now be obtained by linearization ofthe functional I[u(,,) ; oJJ]

in the principle of virtual displacements (25) about the equilibrium configuration ID, i.e.

DI[u; 1iI, iii] =:" I[ID(,,); iiI]I~= 0 = o. (26)

Hence, it only remains to calculate the first differential of the functional (21).
According to (24), the position vector of the carrying surface and the directors in the

configuration lJI(") of the shell are given by

i(,,) = i+ "u, (27)

A;(,,) = (exp (,,'I'»A; = (1 +,,'1' + . ")A; = A;+"" x A;+ ... , (28)

"'21:3-11
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The associated strains we denote by Ep(IJ) and Kp(IJ). Then the corresponding stresses
NP(IJ) and MP(IJ) are determined by the constitutive equations (II). Adopting the same
notation convention for the external loadings it follows from (21)

IIIlll(IJ); aD] = fL{NP(IJ)' [u.P -l,Ii x (f.p + IJu./i)]

+MP(IJ)·l,Ii.P-p(IJ) 'u-I(IJ) 'l,Ii} dA- r {N~(IJ)'u+M~(IJ)'l,Ii} ds, (29)
ttI,!-J/.

and hence

DIIIlll; 1I1J, aD] = fL{DNP' (u.P -l,Ii x f.p) - N/i· (l,Ii x u./i)

+DM/i ·l,Ii.p-Dp· u-DI'l,Ii; dA -lit! (DN~' u+DM~ 'l,Ii) ds. (30)

Here DF is the short notation for the directional derivative DF[Illl; 1I1J] of the quantity F
evaluated at Illl EC(C) in the direction II1J ETC(C) :

DF[1lll ; 1I1J] = ddIJ F[];J(IJ)]I~= o·

In particular, from (27) and (28) we obtain

Df = U, DAi = ~XAi'

(31)

(32)

(33)

If F represents a vector field defined through its components with respect to the
rotated base Ai' as the internal stresses NP, MP or the external loadings p, I, N~, M~, then
F(IJ) = P(IJ)Ai(IJ) and with the use of (32) one gets

DF = DPAi+PDAi = DPAi+P~xAi'

and hence

F:: DPAi = DF-t/lxF (34)

may be called the corotational differential of the field F. Here again F is short for
F[Illl; 1I1J] = DFi[llll; II1J]Ai . Forlater use we note that in the case ofa tensor field T = TijAi ® Aj

the corotational differential ofT is given by

(35)

In particular, ifT is a field with values in so(3) then t = DT - [,I', T], where [,] denotes
the Lie bracket. The formula (35) can be shown by direct use of the definition (31), the
relation (32) and the following identities T(u ®.t) = (Tu) ® v, (u ® v)T = u ® (TTv) valid
for any second-order tensor T and any vectors u and v.

Now, differentiation of the constitutive relations (II) with the use of the formula (34)
yields

NX = CjP'Ep +CtK/i'
~F = CJf!Ep+CtKp, (36)
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where the second-order tensors (elasticity tensors) C;fJ = C;/I(E;.• K;. ; ~). p = 1,2,3,4, are
defined by

(37)

In the case of a hyperelastic shell the elasticity tensors are given by the second partial
derivatives of the strain energy function lI>(E" K,; ~) and they enjoy the following symmetry
conditions

Cp'P = (CpP,)T, I 4 P I 2P = , , :x, = ,

c1 = (C1')T, :x,p = 1,2. (38)

The corotational differentials Ep, Kp of the strain measures entering the linearized
constitutive equations (36) have the form

(39a, b)

To show this, we note that in view of (27), (28) and (6)

(40)

and hence

From (41) and the formula (34) the relation (39a) follows. Next. setting

Q(,,) = (exp(,,'P»Q = (1+,,'1'+·· ')QeSO(3)

(41)

(42)

at any ~ e M, by the definition (6b) of the bending vectors we have %p(,,) = ad Kp("), where
%p(,,) e so(3) is given by

(43)

Differentiation of (43) yields

(44)

Clearly, D%p e so(3) at any ~ e M. Moreover, we have D%p = ad (DKp), which in view of
(44) implies that

DKp =".p+" x Kp, (45)

and hence (39b) follows.
Having established the linearized constitutive equations and the linearized kinematical

relations we are now ready to derive the remaining linearized field equations and the
boundary conditions. To this end we apply the formula (34) to the differentials of the
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stresses and the extemalloadings entering (30) yielding

D/{IUI; u1I, Wi] = II,. {NP, (u.P-~ x i.p)+MP ·~.Il+NIl. (U.IlX~)

+(t? x Nil). (U.Il-~ x r.ll)+ (t? x Mil) '~,Il

-(p+t? x p) 'u-(I+t? x I)'~} dA

-lMI{(N~+t?xN~)'U+(M~+t?xM~)'~} ds. (46)

It is to be noted here that p, I. N~ and M: are, by their definitions, linear in till at the most.
Applying now the Stokes' theorem to (46) and subsequently making use of the identity

(47)

we finally obtain:

D/{8Jl;u1I,lIi] = - II,. {[NPlp+t?p xNP+p+"'x (NIlI/l+p)]'u

+ (Mil/ p+ t?P x Mil +r.p x Nil + (u,p-t? x r.ll) x NIl+i

+t? x (MPlp+i./l x NP+l)] .~} dA

+ r {[NPvll-N~+t?x(NPvp-N~)]'u
JCMf

+[MPvp-M:+t?x(MPv,8-M~)]'~} ds. (48)

The underlined terms in (48) vanish identically whenever 8Jl e C(C) is an equilibrium con­
figuration. Consequently, the variational equation (26) implies the following buckling
equations

NIl/p+Kp x NIl+it = 0,

MPlp+Kpx MP+r.1l x NP+Ep xNP+I = 0,

with the corresponding static boundary conditions

(49a)

(49b)

(50)

In (49) we have introduced the kinematical relations (39). The above system of equations
is to be supplemented by the homogeneous geometric boundary conditions

U= 0, t1 = 0 along oMd• (51)

5. SYMMETRY CONDITIONS

Ofmajor importance in the analysis of buckling problems are the symmetry properties
of the bilinear functional (46). To examine this problem we define the anti-symmetric part

Dr[8Jl; In, Il] = Dl{u; Ill, u] - DI{QJ1 ; aB, u],

of the bilinear functional (46) for kinematically admissible u, ueTC(C).

(52)
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Let Ep and Kp denote the linearized strains associated with the displacement field
In eTC(C). Using the constitutive relations (36) and some standard vector and tensor
identities the anti-symmetric part (52) of the functional (46) can be expressed in the form

Dl"[IllI; Iii, 1iiJ] == IL1: dA + IL{MP. (~x tf)lp - (i.p x NP) •(~ x tf)} dA - Dl:xl [llI; iii, u],

(53)

where

1: == qP. (Ex @ Ep- Ex @ Ep) +ct· (Ell @ Kp - Ex @ Kp)

+cjP· (Kx @Ep-Kx @Ep)+Ct'(Kx@ Kp-Kx@Kp), (54)

and

Dl:xl [u;U,u] == It {Dp[u;u]·ii-Dp[u;u]·i+DI[u;i]·~-DI[IllI;u]·tf} dA

+ r {DN~[u;u].u-DN~[u;Ii].u+DM~[u;IiI]·~-DM~[u;u]·.y}ds (55)
JaMf

with Dp[u; u], etc. defined by the formula (34). Applying next Stokes' theorem to the second
surface integral in (53) and subsequently making use of the equilibrium equation (8b) we
finally obtain

+ r M~' (~x.y) ds- Dl:xl [u; D, u]. (56)
JiJMf

Accordingly, at any equilibrium configuration ueC(C),

DJ4[u; ii, Ii] == 0 for any ii, Ii eTC(C) with u== u== 0 on aMd (57)

whenever the following conditions hold:

(a) 1: == 0

(b) Dl:xl [u; ii, Ii] == 0

(c) I == 0 on M and M~ == 0

atany~eM

for any ii, Ii eTC(C)

along aMI'

These conditions are sufficient for the bilinear functional (46) and (48), respectively, to be
symmetric at any equilibrium configuration u e C(C).

By virtue of (38), condition (a) is satisfied identically for hyperelastic shells. Conditions
(b) and (c) indicate that the couple loadings acting on the shell are in general non­
conservative. Moreover, our analysis clearly shows that at a non-equilibrium configuration
the bilinear functional DI[u; e, Ii] is non-symmetric in general. The analogous result has
been previously established by Simo and Vu-Quoc (1986) for spatial deformation oflinearly
elastic rods.
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6. CLOSING REMARKS

The generality of the buckling equations derived in this paper enables the buckling
analysis ofshells undergoing an arbitrarily large elastic deformation. Some special problems
have been considered in detail in Makowski and Stumpf (1989a. b). Here some additional
remarks are pertinent.

As special cases the buckling equations for shells with a more restricted kinematical
structure can be obtained. In particular, assuming that the rotation tensor Q is not an
independent variable but is determined by the local deformation of the shell reference
surface, the buckling equations can be reduced to those derived within shell theory based
on the Kirchhoff-Love normality hypothesis. In this special case the transverse shear
deformation is excluded but not the transverse normal deformation. Adopting Antman's
terminology (Antman, 1976) we shall refer to this case as the unshearable shell model while
the general theory of this paper will be called the shearable model.

The validity of the buckling equations presented in this paper is not limited by mag­
nitude of strains, displacements and/or rotations, specific properties of a material or even
the shell thickness. Their range of applicability will be solely confined by an accuracy of
specific constitutive relations employed in the analysis.

A fairly general form of the constitutive equations for rubber-like shells is derived in
Appendix B within a single kinematical assumption [cf. also Makowski and Stumpf (1986)].
These constitutive relations represent a substantial extension of earlier propositions in
Biricikoglu and Kalnins (1971), Chernykh (1983) and Simmonds (1985) in a twofold
sense. Firstly, they incorporate the transverse shear deformation. Secondly, they admit an
arbitrary transverse normal deformation of the shell consistent with the incompressibility
condition, while in the aforementioned papers power expansions with respect to the normal
coordinate has been used retaining one, two or three terms. Moreover, in our derivation of
the constitutive equations the reference surface may be arbitrarily allocated in the shell
space without need of representing all relations in the form of power expansion with respect
to the normal coordinate. This allows us to obtain the solutions for shells of virtually
arbitrary thickness. For the problem of long circular cylindrical shells (circular rings) under
external pressure, closed-form solutions of the governing buckling equations had been
obtained in Makowski and Stumpf (l989a, b).
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APPENDIX A: DERIVATION OF THE EQUILIBRIUM EQUATIONS

The equilibrium equations for shells whose vectorial form is formally identical to that of (8) are well-known
in the literature [cf. the discussion by Ericksen and Truesdell (1957) and Naghdi (1972»). One has to note. however.
that the methods ofderivation vary throughout the literature and consequently the static variables entering these
equations have different physical meaning. A brief derivation is included here not only for completeness but also
for illustration that virtually contrasting arguments lead to the same form of the equilibrium equations. Moreover.
the method ofderivation employed here clearly shows that the equilibrium equations (8) are straightforward and
exact implications of the three-dimensional balance laws.

1. Direct approach [cl Ericksen and Truesdell (1957) and Naghdi (1972))
In this approach a shell is regarded as the material surface S to which a microstructure may be ascribed. The

basic postulates. not different in principle from their counterparts in continuum mechanics. are:

(a) external loadings acting on the shell consist of the surface force p and the surface couple I both defined per
unit area of the undeformed configuration M of S.

(b) the action of the part of the shell outside any imagined. smooth. closed curve as' enclosing a subregion S' c= S
on the part inside is equipollent to the stress resultant N, and the couple resultant M, defined per unit length
of the image aM' of as'.

In consistence. the force f(S') and the torque m(S') acting on the part S' of the shell are given by

f(S') = t,. N, ds+ fLp dA.

m(S') = ill" (M,+ixN,) ds+ ffM' (l+ixp) dA. (AI)

Here the external loadings and the stress and couple resultants are to be regarded as functions of the material
coordinates ~ = (~'). Moreover. as N. and M. are concerned one additional postulate is to be made (Cauchy's
postulate in the continuum mechanics):

(c) if two curves aM' and aM" on M have a common normal direction at ~ in the tangent plane to M then

Under suitable smoothness assumptions the postulate (A2) implies that

N. = N,(~. v(~» = N'(~)v,(~).

M, = M.(~. v(~» =M'(~)v,W.

Now introducing (A3) into (AI) and applying subsequently Stokes' theorem one finds

f(S') = ff.,. (N'I,+p) dA.

m(S') = it {M'I,+i'.jIxN'+I+ix(N'I,+p)} dA.

In view of the arbitrariness of S' c= S the static balance laws

f(S') = 0, m(S') = 0

imply the local equilibrium equations (8).

(A2)

(A3)

(A4)

(AS)



366 J. MAKOWSKI and H. STUIPF

II. Descent from three dimensions [ef Libai and Simmonds (1983), Simmonds (1984)]
Consider now a shell as a three-dimensional body .iI which. for simplicity, we may identify with its initial

configuration B c 8 3. Let (';i} = [~,,;} denote material coordinates taken to be normal ones in B and let us define
the shell reference surface M by .; = O. Assuming that'; E [ - ho. -t- hn. the position vector of any particle in the
initial configuration of the shell may be expressed in the form

(A6)

Under an arbitrary smooth deformation x: B -> 8 3of the shell the same particle will move to a new place whose
position vector may be represented by

where r denotes the position vector of the deformed reference surface J[ = X(M).
The force F(Y) and the torque M(Y) acting on any part .// c d of the shell are

F(.Y) = r Tn dS+ rf dt.J,p Jp

M(Y) = fp xxTndS+LxxfdV,

(A7)

(A8)

where T(X) denotes the first Piola-Kirchhoff stress tensor, reX) is the body force and n(X) denotes the outward
unit normal vector to the boundary jjp of PcB. Assume now that P is obtained by normals to M along a
smooth curve oM' bounding M' c M. Then the boundary eP consists of three parts, the upper J,f+ and lower
M- shell faces with the position vectors X±(:) = X(:.±h~) and the edge ep* being the ruled surface with the
position vectors X*(s, e) = res) + ';ais). We have (Naghdi, 1972).

n± dS± = ±(gJ + h.r.pgP) ~ jJ ~ dA,

n* dS* = gP YpjJ d~ ds,

where

g, = X. i , gi . gj = 8j,

jJ=I-2~H+~2K, dV=jJd;dA.

Using the expressions (A9) the force and the torque given by (A8) may be reduced to the form

F(Y) = 1", NP Yp ds+fLP dA,

M(?) = f (MP+rxNP)yp ds+ff (I+rxp) dA,
eM' .\1

where the stress and couple resultants are defined by

and the statically equivalent surface loadings are

p = rrll d~+[(T3+ha:pT~)Il]=.

1=r'Xrlld~+[,x(T3+ha:.;TJ)Il]~.

(A9)

(A 10)

(All)

(AI2)

(A 13)

where T i = Tg i are the nominal stress vectors. Now the three-dimensional (static) balance laws F(Y) = 0 and
M(Y) = 0 imply the local equilibrium equations (8) for shells.

APPENDIX B: DETERMINATION OF THE CO~STITUTIVEEQUATIONS

In Section 3 the constitutive equations had been assumed in the very general form (II). For rubber-like shells
undergoing finite strain deformation we derived in Makowski and Stumpf (1986) constitutive equations by descent
from the three-dimensional theory. Here a short review should expose and clarify some basic results of Stumpf
and Makowski (1986) and Makowski and Stumpf (1986).

We regard the shell as a three-dimensional body whose particles are identified with their material coordinates
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[.;'} = {:,~} taken to be normal ones in the initial configuration of the shell. Then the position vector of any
point of the shell space may be expressed in the form

(Bl)

where r denotes the position vector of the undeformed reference surface 1'./ and ho =ht +hi) is the initial shell
thickness. The natural base vectors and the components of the metric tensor associated with (B I) are given by

(B2)

(B3)

where

(84)

(B5)

(B6)

Various geometric quantities entering into these relations have standard meaning (Naghdi, 1972; Libai and
Simmonds, 1983; Basar and Kriitzig, 1985).

A two-dimensional strain energy function (per unit area' of M) for the shell made of a hyperelastic material
may formally be defined by

(B7)

Here W(C) is a three-dimensional strain energy density, C = FTF denotes the right Cauchy-Green deformation
tensor and F is the deformation gradient. For a rubber-like material it is usually assumed that W = W(I" 12) and
I) = I (incompressibility condition), where I" i = 1,2,3, are the principal invariants ofC. Denoting by x(:,~) the
position vector of a particle in the deformed configuration of the shell the incompressibility condition can be
expressed in the form

(B8)

where ( ).: indicates partial differentiation with respect to the normal coordinate ~. Moreover, the principal
invariants I, and 12 are given by

(B9)

where

(BIO)

(BII)

(BI2)

From (12), (B7) and (B9)-(BI2) it follows that the determination of the constitutive relations for rubber­
like shells requires one to show that under suitable assumptions the components of the metric tensor (B10) can be
expressed as functions of the strain measures E" K, and of the normal coordinate ~ such that the incompressibility
condition (88) is satisfied identically. The solution of this problem given below follows our earlier papers. Stumpf
and Makowski (1986) and Makowski and Stumpf (1986).

Assume that the three-dimensional deformation of the shell is constrained such that the position vector
x(:,~) may be expressed in the form

(813)

Here an unknown function, accommodates an arbitrary transverse normal deformation of the shell consistent
with the kinematical constraint (813). The differentiation of (813) with the use of the definitions (6) of E, and
K, yields

where we have set

x.• =A. +E. +'(K. x A) -II.A,) +(.A)

= {a., +E., -'(b.,-K.,)}A' + (E. H .•)A),

x.{ = '-:A), (BI4)

(BI5)
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Now introducing (B (4) into (B8) the incompressibility condition reads

(BI6)

where the following quantities have been introduced:

< I W = jeP(i, x i. /J )· A, = 1+a'P E,p+ jE'P E,p .

.J!'W = - jic,e'Pi,' (A,p x A,)

= )., {H- ja'P K,p + jE'P(b,p-K,p)} •

.;f(~) = j).,e'P(A,.,xA,./J)·A,

= icdK-K"'(b,p- jK,p)}.

and

Recalling that '(~, 0) = 0 the first-order differential equation (B 16) can be integrated yielding

.;f'" -3.Jf( +3( = ).,~(3 - 3H~+ K~').

The general solution of this cubic algebraic equation is of the form

(BI7)

(BI8)

(BI9)

(B20)

Now introducing (B20) into (BI4) and (B9)-(BI2) and subsequently into (B7) we obtain the expression for the
strain energy C1> as a function of the strain measures Ep and Kp• It is to be noted, however, that the presence of C
in expression (814) implies that C1> also depends upon the derivatives ofEp and Kp (Makowski and Stumpf, 1986).
Therefore, in order to preserve the conventional structure of the shell theory considered in this paper we assume
that C ~ O. This is not an essential restriction whenever the wavelength of the deformation pattern is sufficiently
long. We next note that the strain energy function C1> derived within assumption (813) does not depend on
Kp = Kp' A 3 , i.e. the most general form ofC1> is

(821)

Consequently, also the components MP = MP. A3 of the couples vanish, i.e. MP = O.
The essential feature of our derivation of the strain energy function C1> and via C1>, the constitutive relations is

this that a power expansion with respect to the normal coordinate ~ is not required. This fact may efficiently be
used in the analysis of some special problems such as flexural buckling ofcircular plates or cylindrical deformation
of infinite cylindrical shells Icf. Makowski and Stumpf (I 989a, b»). In the latter case the evaluation of the
constitutive relations requires a numerical integration through the shell thickness. For relatively thin shells it is
appropriate to represent the solution of the algebraic equation (819) in the form

(~,~) = ).,(~+jK,~2+h,~J + .. '),

K, = 2(ic,.Yt'-H),

X, = 3K, (K, +2H) -2().}X' -K), ... (B22)

Expressing also the remaining geometric quantities (89)-(B 12) in the form of power expansions with respect to
~, different levels of approximations for C1> may be derived.

In the particular case when A 3 is constrained to remain normal to the deformed reference surface the derived
relations give the constitutive equations for the unshearable shell model. In this case E, = 0 and E,p = Ep,.
Moreover, .Yt' and X' have the meaning of the mean and Gaussian curvatures of the deformed reference surface
of the shell.


